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Darboux-Nijenhuis coordinates on w/N - manifold

Definition
Local coordinates (x;, y;) on wN—manifold are called Darboux-Nijenhuis
coordinates if they are canonical with respect to w = wy
n
wo = Z dy,- N dX,'
i=1

and put the recursion operator N in diagonal form

0
N = 2/\ (aX, ® dX, 8y,~ &® dy,-) 0 A,’ = )\,‘(X,',y,').

e The differentials (dx;, dy;) span an eigenspace of N*
N*dx; = A;dx;, N*dy; = A;dy;.
@ Distinguished DN coordinates x; = A;, y; = y; are called separation

coordinates.
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Darboux-Nijenhuis coordinates on w/N - manifold

Theorem

Bi-Lagrangian foliation is separable in (A, i) coordinates if control matrix
F has n simple eigenvalues (A1, ..., Ap)

Proof.

We recoll that an n-tuple (h, ..., h,) of functionally independent involutive
Hamiltonians is said to be separable in (A, ) coordinates if

| A

(Pl’<AI’vI’li;h1,...,hn> :0v det aq)’ #0
ah;

Total differential is

29;
" dh; = 0.

= 9h

ago,- aq), n
Ty dA; + o dy; +,;
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Darboux-Nijenhuis coordinates on w/N - manifold

Apply N*

d¢p; ago, ago, 2 o
aA/\d)\—f— )\d,—{—z Ndh 0,

SO
Z ai “dhj = —A; (a—(P’:d/\,- + a—z':dy,-> — 0 Y Wi,

or in matrix form
JN*dh = AJdh,

where

Jj:%, dh = (dhy,....dh,)T, A = diag(A1, .. Ap).
J
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Darboux-Nijenhuis coordinates on w/N - manifold

Therefore ,

N*dhi =Y Fj dh, F=J"AJ, (4.1)
j=1

so F is a control matrix with eigenvalues (Ag, ..., Ap).
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Stackel separability

@ Stackel separation relations
Yo SKA i ui e =i(Aiui),  i=1,..,n,
k=1

so JJ’ = SJ’ S - Stickel matrix => F = S71AS.
@ Bare Hamiltonians

Z qof-((/\,-,],t,-)E(k)(/\,-,nk) :X,'(A,',“I/l,'), i=1,..,n. (4.2)
k=1
o Generalized separable potentials
Y ok ) [Apsg + VSR (A g =0, =1, (43)
k=1

@ SO
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Stackel separability

@ Trivial potentials

V.(k,s,ns—j) _ _(5Sk(5{, ij=1,.. n;s.

1

@ In particular
k,s,0 -
e I

1

@ Define vectors
, 1, 1, s\ T
Ve = (vt v i)
s,k=1,...,m.

@ Then, separation relations for generalized potentials (4.3) take the
matrix form

Ar(p(s) + sy — 0, s=1,.., m
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Stackel separability

V(s,r+1) — F\/(Svr)' s=1,...,.m.

Ar—l—l(P(s) + 5V(5,r+1) -0
4
V(s,r+1) — _SflArJrlq)(s) _ _SflAArq)(s) — SflASV(s,r) _ Fv(s,r).
Ol

v

@ As A and S are invertible so do F.
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Stackel separability

@ We have m hierarchies of basic separable potentials
ven = pry0 s =1,.m, rez
@ It means that

F:[_v@%ﬂq, s=1,..m j=0,..ns—L1.

o Nontrivial columns: V() _ first nontrivial potentials of each
hierarchy.
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Stackel separability

@ So, for Stackel Hamiltonians

n
N*dh; = ) Fjj dh;
j=1

0
N dh) = dh®) — Y ol an), el = v
j=1

i3
7T1dh,(k):no< :+1 Z"‘U dh >

@ where 3 3
T = ZaA 8;1, T :ZA o o
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Toward bi-Hamiltonian construction

o Extended 2n-dimensional phase space M — M = M x R™, with
additional coordinates ¢;,7i = 1, ..., m and extended Poisson structures

7'[00 m 0:|

0 O

7T0—>H0:|: 0 0

|, m—o- |

with Kerlly = KerIlyp = Sp{dc;}.
o Take Z = Sp{a%}. Obviously

Zi(cj)) =96, [Z.Z]=0 LzIIp=0

@ and hence
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Toward bi-Hamiltonian construction

@ Moreover, also

(k) _ ()
I1,dH; _Ho< ) fou H>

as for any separable potential v(sr)
N*dV(sr) = Fay(s:n),

@ So, according to construction presented in Lecture Ill, Hamiltonians
(Hél), H,(,:)), where Hék) = ¢, form a bi-Hamiltonian chains

TTodH¥ = 0
TodH¥) = x{¥ = 11,dH¥

n

0 = ITydHY
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Toward bi-Hamiltonian construction

@ where

9
I = HD+ZX A Z; —ZAa/\

Jj=

@ with separation relations

Z (A, i) [/\fs i+H(k)(/\iv"k)} = Xi(Ai, pi),

ny .
D) =Y. [—/j(k)/\nk_J = A+ hO (A, ny).
j=0
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Benenti class

@ Separation relations for Benenti class of Stackel systems
(m=1s=1)

1
A+ mAT by = Ef,-(A,-)y,?, i=1,..n

=6+

1
El)\;’*l + ...+ E,= 5;‘;()\;)}1,2 geodesic Hamiltonians

Al + Vl(r))\,f'_l + ...+ V,Sr) =0 separable potentials
e Control matrix (recursion matrix)
—pP1 1 0 0
F= 0 0 , pi — Viete polynomials
0 0 1
—on 0 0 O
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Benenti class

@ Quasi-bi-Hamiltonian chain
mtidh; = 1o(dhit1 — pidhy), i=1,..n
@ and basic separable potentials
v = pkv@ ez
v = (vi® vINT v = (0,..0,-1)7.
@ The extention to bi-Hamiltonian chain on M = M xR

IlpdHy =0
IlodH; = X1 = I11dHp

[IodH,, = X, = 111dH,
0 =1I;dH,
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Benenti class

@ where
Hi:hi“‘PiCy i=1,..,n Hy=c Qi Vl(n)
and
0o I 0 0 A Xi
IIo=| -/ 0 0 |, IIy= —A 0
0 0O —XlT 0

@ Separation relations for H; are

A+ cA?+ HIAT P 4+ Hy = Zf(A)u2, i=1,..,n
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Henon-Heiles system

Bi-Hamiltonian representation of extended Henon-Heiles system in
Euclidian coordinates

Ho =C
1 1 1
Hy=opi+ 503 +ai + §q1q§ —quc=H
oL Lo2ilon 1o 1,
- _ —Qa>C
2 2Q2P1P2 2£71Pz CI1CI2 16 4Q2 '
ITpdHy =0
ITodH; = X1 = 111dHp
I[lodH, = Xo =111dH;
0 =II1dH,
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Henon-Heiles system

@ where
0 0 n e p1
0 0 I 0 X p2
h=| -1 —3@ 0 3p Xi=| -3¢ —3q5+c
-3¢ 0 —ip O —q142

@ Transversal distribution Z, such that Il is Z-invariant, is
one-dimensional with Z = %, hence Ilp =11; — X1 A Z so

0 0 @ 3G
0 0 fgp 0
=1 _ _1 o L
q1 542 5 P2
—3@ 0 —3p;p O

@ Separation coordinates A; and A, are eigenvalues of the recursion

operator N = 7t17'[61,
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Henon-Heiles system

@ hence
(}U—N) =0=q1=A1+ Az, o =2V —A1As
U
_ A1pa n A2 A Ui n 1o
L P PR P T G U VI PR Py

@ Separation relations are

1
C)t,?—i-Hl/\,'—i—Hz = 5/\,‘1/1,24-)\:1', i=1,2

@ and control matrix
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Henon-Heiles system

@ In fact we have infinite family of separable bi-Hamiltonian systems in
Euclidian coordinates

1, 1 1 1 1
Hi=pi+-p3+ V¥ —qic, Ho= Zqopip2 — a1+ Vi¥ — 23,
2P 2 2 4
where P
2l I TS B I B
V2(k) 12 0 1|’

@ with separation relations
1
cAZ + HiAj+ Ho = 5)\,;4,? +AK =12
@ For example

Yo [ @i + 39163 1 1693 } D
it Rt T

Il
| — |
|
28
= S
NS
NS
—_
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